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We briefly review some selected topics gravitating around large scale structures. We
derive from inflation the evolution of dark matter perturbations. The stress is put on
the non-linear regime of structures formation, with a particular emphasis on relativistic
effects, the Effective Field Theory approach, the role of dark energy and the possibility
of inhomogeneous universes.
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1. Introduction and spirit of the review:
This story started with the theory of general relativity (GR) that provided the laws
guiding the evolution of the universe and the structures. Few years later, in 1922,
Friedmann found a dynamical solution of a homogeneous and isotropic universe.
These equations were rederived and confronted to the observations by Lemaˆıtre in
1927.1 In 1929, Hubble2 using his measure of distances and Sliphers redshift data3
rediscovered the results found by Lemaˆıtre1 which is now called the Hubble law.
The universe is expanding and should have an early time which is hot and dense.
These ideas converged to the so-called Big Bang model. It describes an expanding
universe composed principally by radiation, later by matter and finally dominated
by a cosmological constant, this is the ΛCDM model (Lambda Cold Dark Matter).
It became the standard and very successful model in cosmology. In this review, we
are principally interested in the large scale structures, or how the structure forms
over the evolution of the universe. We will describe how from initial conditions
defined during inflation we can arrive to structures at late time.
Those structures are understood as little perturbations in an otherwise expand-
ing universe. The dynamics of these little perturbations is understood in the so-
called linear universe when it was young enough. Sections 2 and 3 review them
in some details. In section 4, we will present how these perturbations evolve in
the non-linear regime, where astrophysical structures start to form. This regime
requires much more advanced mathematical techniques to better model this com-
plicated non-linear situation. The focus of section 4 will be standard perturbation
theory. In section 5-7, we present three extensions of the formalism: relativistic cor-
rections, dark energy and a model for the small scales physics with effective field
theories. In section 8, we present a totally alternative point of view on the evolution
of perturbations: relaxing the hypothesis of a homogeneous background. This sec-
tion is also there to remind the reader that any cosmological observation is done by
assuming a cosmological model at the first place. Finally in section 9, we conclude
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and give perspective for the future of the field.
Already excellent reviews4–7 and textbooks8–13 covered most of the material
that we wish to discuss here. The originality of our approach is to cover structures
formation from the inflation to the non-linear dark matter power spectrum. We
also want to offer an introduction to the current status in 2019 of the field. Open
problems are discussed elsewhere.14
Notations A dot denote a derivative with respect to cosmic time t and a prime is
the conformal time derivative: ′ ≡ d/dη. The Laplacian is written ∆. We denote δD
as the Dirac delta distribution. Our Fourier convention is:
f(x) =
∫
d3k
(2pi)3
f(k)eik.x, (1)
and we sometimes use the shorthand for Fourier space integration:
∫
k1,k2
=
∫
d3k1
(2pi)3
d3k2
(2pi)3
δD(k1 + k2 − k) (2)
δ(t,x) is the density contrast, described by a stochastic variable. Observables will
be related to correlations of δ(t,x). Due to translational and rotational invariance,
the information of the two and three point correlation function can be encapsulated
in the power spectrum and the bispectrum:
〈δ(t,k1)δ(t,k2)〉 = (2pi)3δD(k1 + k2)P (t, k1) , (3)
〈δ(t,k1)δ(t,k2)δ(t,k3)〉 = (2pi)3δD(k1 + k2 + k3)B(t, k1, k2, k3) . (4)
The bracket denotes an ensemble average which will agree with statistical average
under ergodicity assumption. Similarly PR and Pψ are defined by taking correlators
of R(t,k) and ψ(t,k).
2. Inflation
Inflation describes an early acceleration of the expansion of the universe that solves
some of the fundamental questions in cosmology such as the horizon, the flatness
or the magnetic monopole problem. For that, a scalar field known as the inflaton,
produces a quasi-de-Sitter acceleration. This simple inflationary paradigm proposes
an elegant solution to the previous mentioned problems but it became much more
interesting by suggesting a mechanism to understand the observed structures in the
universe. From quantum fluctuations at microscopic scales which are magnified to
cosmic scales, the seeds for the growth of structures in the universe emerge. At the
end of the accelerating phase, the inflaton supposedly decays into ordinary matter
during reheating, and this process could be very difficult to calculate. One strategy
is to work with a variable R(t,x) which is constant on superhorizon scales and
for adiabatic perturbations. It will have again a dynamics once the modes reenter
the horizon, which means after reheating. Therefore, we will have a method to
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relate the dynamics of our fields from the radiation epoch to today starting from
initial conditions defined during inflation while passing the complexity of reheating
without any effects. The difficulty would be to relate this new variable R(t,x) to
an observable today. We will first, introduce this new variable and see its dynamics
before relating it to the gravitational potential φ(t,x) which will be our link to an
observable.
Considering a FLRW (Friedmann-Lemaˆıtre-Robertson-Walker) metric with scalar
perturbations in the Newtonian gaugea
ds2 = −(1 + 2φ)dt2 + a2(t)(1− 2ψ)δijdxidxj . (5)
We define a gauge invariant quantity R ≡ ψ −Hδq/(ρ+ P ) where δq is the scalar
part of the 3-momentum density which is related to the velocity vi by T
0
i = ∂iδq =
(ρ+ P )a∂iv, ρ and P are the energy density and pressure respectively and H =
a˙
a .
Using line element (5), we find for Einstein equations G0i
ψ˙ +Hψ = −4piGδq, (6)
where we have used φ = ψ that can be obtained fromGji in the absence of anisotropic
stress. Therefore, the comoving curvature perturbation may be written as
R = ψ − Hδq
ρ+ P
= ψ +
H
4piG(ρ+ P )
(ψ˙ +Hψ) = ψ +
2
3
ψ˙ +Hψ
H(1 + w)
, (7)
where we have used the Friedmann equation and the notation w = P/ρ. The Ein-
stein equation Gii gives
ψ¨ + 4Hψ˙ + (3H2 + 2H˙)ψ = 4piGδP, (8)
where δP is the pressure perturbation. For adiabatic perturbations we can relate
the pressure to the density δP = c2sδρ where c
2
s is the adiabatic sound speed and δρ
is related to the gravitational potential through the (0, 0) component of the Einstein
equations which in Fourier space is given by
3Hψ˙ + 3H2ψ +
k2
a2
ψ = −4piGδρ. (9)
Using this expression, we get for Eq. (8)
ψ¨ +
[
4H + 3Hc2s
]
ψ˙ +
[
3H2(1 + c2s) + 2H˙
]
ψ + c2s
k2
a2
ψ = 0. (10)
Finally, writing c2s = P˙ /ρ˙ = w − w˙/(3H(1 + w)), we have
ψ¨ +
(
4H + 3Hw − w˙
1 + w
)
ψ˙ −H w˙
1 + w
ψ + c2s
k2
a2
ψ = 0. (11)
Taking the derivative of Eq. (7) and using Eq. (11), we get
3H(1 + w)
2c2s
R˙ = −k
2
a2
ψ. (12)
asee section 5 for a discussion on the different gauges.
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It is clear that on superhorizon scales, where k  aH, the right hand side becomes
negligible and thus R(t,k) is constant in time. This result tells us that when a
wavelength generated during inflation evolves on superhorizon scales, R(t,k) is
constant in time and becomes dynamical only when the given wavelength re-enters
the horizon, therefore we can skip all possible complicated physics after inflation
until radiation era. As we will see later, we can connect the observable which is
the correlation function of matter to the gravitational potential ψ(t,k), which can
be connected to the comoving curvature perturbation. In fact, considering that our
wavelength re-enters the horizon during an era when a(t) ∼ t2/(3(1+w)), where w is
constant, Eq. (11) gives ψ(t,k) = A + Bt−
5+3w
3+3w which corresponds to a constant
and a decaying mode. Plugging this expression in Eq. (7), we get
ψ ' 3(1 + w)
5 + 3w
R. (13)
Considering that most of interesting modes re-enter during radiation era (w = 1/3),
we get ψ = 2R/3. Therefore the power spectrum of the gravitational perturbations
during radiation-domination reads
Pψ(t,k) =
4
9
PR(t,k). (14)
We will see later, thanks to the Boltzmann equations, how to find the power spec-
trum at late time from the power spectrum during radiation era. But for now, we
would like to find the PR(k) which is much simpler to obtain because it is the power
spectrum generated during inflation (R(t,k) remains constant in time during re-
heating). To calculate PR(k), we just need to follow some standard calculations
which are described in many textbooks and lectures8–10,15 and therefore we will not
reproduce them here. The final result reads as
k3PR(k) = 2pi2As
( k
k∗
)ns−1
, (15)
where ns is the scalar spectral index which encodes the scale-dependence of the
power spectrum, k∗ is an arbitrary reference or pivot scale and As is the scalar power
spectrum amplitude. Surprisingly, this parametrization of the power spectrum can
be evolved until the emission of the Cosmic Microwave Background (CMB) and
CMB experiments were able to measure ns and As with a great deal of precision.
16
For the rest of this review, the focus will be to evolve those perturbations until the
recent time and evaluate the impact of those parameters on the late time distribution
of dark matter.
3. From inflation to late time universe: the evolution of the linear
power spectrum
In this section, we will obtain the linear power spectrum at any time of the evolution
of the universe. Having in mind the power spectrum predicted by inflation, we need
to calculate its evolution in time until today when it is observed by our telescopes.
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This evolution can be decomposed in two parts. There is a linear evolution which
dominates in the early universe and at large scales. It will be the objective of this
section to calculate the evolution of the power spectrum at linear order. For more
details, see these interesting books8,13 and review.4 In section 4, we will introduce
non-linear corrections which occur at small scales.
3.1. Boltzmann equation
We need to develop some useful machinery to describe how the entire cosmological
density field and all other physical quantities evolves as function of time. We could
take only the equations of GR but being a theory describing gravity, it doesn’t
contain all possible interactions between particles which will be encoded in the
Boltzmann equation:
df
dt
= C[f ], (16)
where f(t, xi, pi) is the distribution function and C[f ] represents all possible inter-
actions. The one-particle distribution is a function of the coordinates of our phase
space: the time, the particle position and momentum. Working in a covariant way,
we will abandon the time for an affine parameter λ and obtain
df
dλ
= C[f ]. (17)
We could yet write our distribution function as f(xµ, pµ) ≡ f(t, xi, pµ). But doing
that, we would have f as a function of 8 variables instead of the 7 (t, xi, pi) that we
had previously. But in fact, pµ has a constraint pµpµ = −m2, which permits us to
eliminate p0 from the variables. Considering that our metric will be diagonal, even
at level of perturbation, we have g00(p
0)2 = −m2 − p2 where p2 = gijpipj . Also we
can replace pi for its norm p and the direction vector pˆi which satisfies δij pˆ
ipˆj = 1.
Finally we can always replace p for the energy defined as E =
√
p2 +m2. Therefore
we have f ≡ f(t, xi, E, pˆi). Expanding the total derivative, we have
df
dλ
=
dt
dλ
∂f
∂t
+
dxi
dλ
∂f
∂xi
+
dE
dλ
∂f
∂E
+
dpˆi
dλ
∂f
∂pˆi
. (18)
Considering a FLRW Universe as our background metric, any dependence on the
direction pˆi can be only of perturbations order and therefore the last term of Eq. (18)
is second order and can be neglected. We have dtdλ = p
0 and dx
i
dλ = p
i. Using Eq. (5),
we get p0 = E/
√
1 + 2φ ' E(1 − φ), and we can write pi = αpˆi where α is a
normalization factor. We have p2 = a2(1−2ψ)α2pˆipˆi = a2(1−2ψ)α2, which implies
α = pa−1(1− 2ψ)−1/2 and therefore pi/p0 ' ppˆi/aE. In order to obtain dEdλ we use
the geodesic equation
dp0
dλ
+ Γ0µνp
µpν = 0. (19)
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Using that dp
0
dλ = p
0 dp
0
dt , the perturbed metric for Γ
0
µν and p
0 = E(1− φ), we have
at first order
dE
dt
+
p
a
pˆi∂iφ+
p2
E
(H − ψ˙) = 0, (20)
which gives the Boltzmann equation at first order
∂f
∂t
+
ppˆi
aE
∂if − p ∂f
∂E
( pˆi
a
∂iφ+
Hp
E
− p
E
ψ˙
)
' 1
E
C[f ]. (21)
For the interaction term, we will consider a generic interaction with particles
(a, b, c, d) and momentum (p,q,p′,q′) of the following form a(p) + b(q)→ c(p′) +
d(q ′). We have for the distribution function of the particle a
C[fa(p)] =
1
p
∫
d3q
(2pi)32Eb(q)
∫
d3p′
(2pi)32Ec(p′)
∫
d3q′
(2pi)32Ed(q′)
|M|2δD(p + q− p′ − q′)
δD(Ea(p) + Eb(q)− Ec(p′)− Ed(q′))
[
fc(p
′)fd(q′)(1± fa(p))(1± fb(q))
− fa(p)fb(q)(1± fc(p′))(1± fd(q′))
]
, (22)
where |M|2 is the amplitude which encodes the information about the interaction
(that is assumed symmetric). As usual in textbooks11 of cosmology, the particle
degeneracy gs of each particle is incorporated in the distribution functions, fi. Fi-
nally, because of the Pauli exclusion principle, it is easier to produce a boson than
a fermion which is incorporated in this formula through the coefficients 1±f which
are known as Bose enhancement and Pauli blocking.
3.2. Cold dark matter
For dark matter, we don’t have any interaction term and therefore the Boltzmann
equation is
∂fdm
∂t
+
ppˆi
aE
∂ifdm − p∂fdm
∂E
( pˆi
a
∂iφ+
Hp
E
− p
E
ψ˙
)
= 0. (23)
To obtain our equations in a more standard form, we need to take moments of this
equation. Considering the zeroth moment, which means integrating over d3p, we
obtain
∂
∂t
∫
d3p
(2pi)3
fdm +
1
a
∂
∂xi
∫
d3p
(2pi)3
fdm
ppˆi
E
−
(
H − ψ˙
)∫ d3p
(2pi)3
∂fdm
∂E
p2
E
− 1
a
∂φ
∂xi
∫
d3p
(2pi)3
∂fdm
∂E
ppˆi = 0 (24)
and because we have the dark matter density and velocity defined as
ndm(t,x) =
∫
d3p
(2pi)3
fdm(t,x, E, pˆ
i), (25)
ndmv
i(t,x) =
∫
d3p
(2pi)3
ppˆi
E
fdm(t,x, E, pˆ
i), (26)
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we obtain from Eq. (24) at first order
n˙dm +
1
a
∂i(ndmv
i) + 3ndm(H − ψ˙) = 0. (27)
Considering the deviation from the homogeneous value
ndm(t,x) = n¯dm(t) [1 + δ(t,x)] , (28)
we get at first order
δ˙ +
∂iv
i
a
− 3ψ˙ = 0. (29)
Working in Fourier space, we have
δ˙ +
ikiv
i
a
− 3ψ˙ = 0, (30)
or if the fluid is irrotational vi = kiv/k (that we will always assume)
δ˙ +
ikv
a
− 3ψ˙ = 0. (31)
Notice that this equation could also be derived from ∇µTµν = 0 because of the
absence of interactions. Considering now the first moment, i.e. multiplying equation
(23) by ppˆi/E and integrating over d3p, we getb
v˙i +Hvi +
∂iφ
a
= 0, (32)
or for the irrotational fluid in the Fourier space
v˙ +Hv +
ikφ
a
= 0, (33)
where we have neglected higher order terms in p/E because p/m ∼ v  1. This
condition is related to the fact that we consider cold dark matter, for which the
velocity is small. In that case, higher order terms in p/E are negligible and therefore
we do not need to look for higher moments.
3.3. Baryons
Another component of the universe, which is important are the so-called baryons or
more exactly the electrons and protons. In that case the over-densities of electrons
and protons are equal δe = δp ≡ δb as well as their velocities ve = vp ≡ vb because of
the tight coupling between them through Coulomb scattering (e+ p→ e+ p). The
derivation of the equations for baryons will be very similar to cold dark matter, using
moments, but we will need to include interactions. We need to consider Coulomb
scattering and Compton scattering (e + γ → e + γ). This last interaction will be
the only contribution to the first moments. For that, we will need to introduce the
bBeing in a euclidean space, we have δij∂
j = ∂i and therefore we will write indifferently lower and
upper indices when necessary.
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temperature of the photons and its perturbation θ(t,x) = δT (t,x)/T (t), also the
amplitude |M|2 = 8piσTm2e where σT is the Thomson cross-section and me the
mass of electrons. Finally, we define the optical depth τ˙ = −neσT where ne is the
number of free electrons. We get for the zeroth moment
δ˙b +
ikvb
a
− 3ψ˙ = 0. (34)
Notice that interactions do not appear in this equation because of conservation num-
ber of electrons during the scattering process. The first moment contains interaction
and gives
v˙b +Hvb +
ikφ
a
= τ˙R(3iθ1 + vb), (35)
where θ1 is the first moment of θ defined as θ1 ≡ i/2
∫ 1
−1 µθ(µ)dµ and R ≡ 4ργ3ρb =
4Ωr0
3aΩb0
, ργ is the energy density of radiation while ρb is the energy density of baryons.
We have introduced the first moment of a function. Generically we can define the
expansion in multipoles as
θl =
il
2
∫ 1
−1
dµPl(µ)θ(µ), (36)
θ(µ) =
∞∑
l=0
2l + 1
il
θlPl(µ). (37)
where we defined µ = kipˆi/k the cosine of the angle between the wavenumber k
and the direction p, and Pl are Legendre polynomials of degree l.
3.4. Photons
As we have seen previously, because of the coupling between baryons and photons,
we have θ1 which therefore needs an equation of evolution. For that we will consider
the Boltzmann equation for photons, so we have E = p. The strategy will be
different than previous cases. In fact, for photons, we know the form of the photon
distribution function f(t, xi, E, pˆi) at the background level, f (0)(t, p), the Bose-
Einstein distribution f (0)(t, p) = (ep/T (t) − 1)−1. Considering now a perturbation
around it, we have f(t, xi, E, pˆi) =
[
exp
(
p
T (1+θ)
)
− 1
]−1
' f (0)(t, p)− pθ∂f (0)/∂p.
The Compton scattering will not have any influence at the zero-order and the
Boltzmann equation gives simply dT/T = −da/a which is T (t) ∝ 1/a(t). Consid-
ering now the equation at first order, but not the first moment because we do not
integrate over d3p, and also adding the interaction term, we have
θ˙ +
1
a
pˆi∂iθ − ψ˙ + 1
a
pˆi∂iφ = −τ˙(θ0 − θ + pˆi.vib), (38)
which gives in Fourier space,
θ˙ − ψ˙ + ikµ
a
(θ + φ) = −τ˙(θ0 − θ + µvb), (39)
October 10, 2019 0:33 WSPC - Proceedings Trim Size: 9.75in x 6.5in main
9
where we assumed an irrotational fluid, so vi = kiv/k.
Neutrinos will follow exactly the same equation but without Compton scattering,
that we will describe by the variable N (t,x).
N˙ − ψ˙ + ikµ
a
(N + φ) = 0. (40)
We could also add an equation for the polarization but we will neglect it.
3.5. Einstein equations for scalar perturbations
To close our previous system of equations, we need 2 additional equations, which
will describe the dynamics of the gravitational potentials (φ, ψ). From the metric
Eq. (5), we have at first order of perturbations
δG00 = 6H(ψ˙ +Hφ)− 2
∆ψ
a2
, (41)
δGji −
1
3
δji δG
k
k =
1
a2
(∂i∂
j − 1
3
δji∆)(ψ − φ), (42)
which is equal to the energy momentum tensor. The first equation should be equal
to −8piG∑i δρi, where i represents the different components in the universe. In the
Fourier space, we get
−3H(ψ˙ +Hφ)− k
2
a2
ψ = 4piG(ρdmδ + ρbδb + ργδγ + ρνδν). (43)
But because we want to use the variables previously introduced, we have
δρi = gi
∫
d3p
(2pi)3
Ei(p)δfi. (44)
For photons, we have a spin degeneracy gγ = 2, δfγ = −p∂f/∂p and E = p:
δργ = −2
∫
d3p
(2pi)3
p2
∂fγ
∂p
θ = − 1
4pi3
∫
p4
∂fγ
∂p
dp
∫
dΩ θ = − θ0
pi2
∫
p4
∂fγ
∂p
dp
= 4
θ0
pi2
∫
p3fγdp = 4ργθ0, (45)
where we used that
ργ = 2
∫
d3p
(2pi)3
pfγ =
1
pi2
∫
dpp3fγ . (46)
Same calculations can be performed for neutrinos, which gives
−3H(ψ˙ +Hφ)− k
2
a2
ψ = 4piG(ρdmδ + ρbδb + 4ργθ0 + 4ρνN0). (47)
For Eq. (42), we have in Fourier space
k2(kˆikˆj − 1
3
δij)(φ− ψ) = 8piGa2piij , (48)
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where piji is the anisotropic stress. Multiplying this expression by kˆ
ikˆj , we get
k2(φ− ψ) = 12piGa2piij kˆikˆj . (49)
But considering
δT νµ =
∑
i
gi
∫
d3p
(2pi)3
pµp
ν
p0
δfi (50)
and
piji = δ
j
i − δji δT kk /3 =
∫
d3p
(2pi)3
1
p0
(pip
j − 1
3
δji p
2)δf, (51)
we have for photons
piij kˆ
ikˆj = −2
∫
d3p
(2pi)3
p2(µ2 − 1
3
)
∂f
∂p
θ. (52)
We identify the second Legendre polynomial P2(µ) = (3µ
2 − 1)/2, and integrating
over the angles (
∫
dΩ = 2pi
∫ 1
−1 dµ), we obtain
piij kˆ
ikˆj = − 1
3pi2
∫
dpp4
∂fγ
∂p
∫ 1
−1
dµP2(µ)θ(µ) =
2θ2
3pi2
∫
dpp4
∂fγ
∂p
= − 8θ2
3pi2
∫
dpp3fγ = −8
3
ργθ2, (53)
where θ2 is the quadrupole moment. We obtain for Eq. (49)
k2(φ− ψ) = −32piGa2(ργθ2 + ρνN2), (54)
where N2 is the quadrupole moment for neutrinos.
Equations (31,33,34,35,39,40,47,54) gives the full evolution of the linear pertur-
bations.
δ˙ +
ikv
a
− 3ψ˙ = 0, (55)
v˙ +Hv +
ikφ
a
= 0, (56)
δ˙b +
ikvb
a
− 3ψ˙ = 0, (57)
v˙b +Hvb +
ikφ
a
= τ˙R(3iθ1 + vb), (58)
θ˙ − ψ˙ + ikµ
a
(θ + φ) = −τ˙(θ0 − θ + µvb), (59)
N˙ − ψ˙ + ikµ
a
(N + φ) = 0, (60)
3H(ψ˙ +Hφ) +
k2
a2
ψ = −4piG(ρdmδ + ρbδb + 4ργθ0 + 4ρνN0), (61)
k2(φ− ψ) = −32piGa2(ργθ2 + ρνN2). (62)
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The functions θ and N can be expanded in multipoles as seen in Eqs. (36,37). For
example, considering Eq. (59), multiplying it by il
∫ 1
−1 dµPl/2 where Pl are Legendre
polynomials, and using
∫ 1
−1 dµPl = 2δl0,
∫ 1
−1 dµµPl = 2δl1/3, Pl = [(l + 1)Pl+1 +
lPl−1]/(2l + 1), we get:
θ˙l +
k
a(2l + 1)
[
(l + 1)θl+1 − lθl−1
]
− ψ˙δl0 − k
3a
φδl1 = −τ˙(θ0δl0 − θl)− i
3
τ˙ vbδl1,
(63)
which can be written as
θ˙0 +
k
a
θ1 = ψ˙, (64)
θ˙1 +
k
3a
(2θ2 − θ0)− k
3a
φ = τ˙ θ1 − i
3
τ˙ vb, (65)
(2l + 1)θ˙l +
k
a
[
(l + 1)θl+1 − lθl−1
]
= (2l + 1)τ˙ θl, l ≥ 2. (66)
The same calculation can be performed for Eq. (60). Therefore, we can write our
final system of equations, where we define v → iv and vb → ivb to make the velocities
real:
θ′0 + kθ1 = ψ
′, (67)
3θ′1 + k(2θ2 − θ0)− kφ = τ ′
(
3θ1 + vb
)
, (68)
(2l + 1)θ′l + k
[
(l + 1)θl+1 − lθl−1
]
= (2l + 1)τ ′θl, l ≥ 2, (69)
N ′0 + kN1 = ψ′, (70)
3N ′1 + k(2N2 −N0)− kφ = 0, (71)
(2l + 1)N ′l + k
[
(l + 1)Nl+1 − lNl−1
]
= 0, l ≥ 2, (72)
δ′ − kv − 3ψ′ = 0, (73)
v′ +Hv + kφ = 0, (74)
δ′b − kvb − 3ψ′ = 0, (75)
v′b +Hvb + kφ = τ ′R(3θ1 + vb), (76)
3H(ψ′ +Hφ) + k2ψ = −4piGa2(ρdmδ + ρbδb + 4ργθ0 + 4ρνN0), (77)
k2(φ− ψ) = −32piGa2(ργθ2 + ρνN2). (78)
where H = a′/a, and as we have seen previously R = 4ργ3ρb and τ ′ = −neσTa.
Therefore an additional equation for ne should be included to close the system
which can be done through the Peebles equation4,8 or approximately at very early
times by the Saha equation.
3.6. Initial conditions
In order to integrate the previous equations, we need initial conditions. Taking them
early enough, during the super-horizon evolution kη  1, permits us to expand
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all functions as X =
∑
n=0X
(n)(kη)n. In this way, we can neglect all coefficients
multiplied by k. For example, considering the first equation, θ′0 + kθ1 = ψ
′, we get∑
n=0
nθ
(n)
0
(kη)n
η
+ k
∑
n=0
θ
(n)
1 (kη)
n −
∑
n=0
nψ(n)
(kη)n
η
= 0, (79)
which can be written as∑
n=0
nθ
(n)
0 (kη)
n +
∑
n=0
θ
(n)
1 (kη)
n+1 −
∑
n=0
nψ(n)(kη)n = 0. (80)
So, we see that θ
(n)
1 couples to (θ
(n+1)
0 , ψ
(n+1)), from which we can conclude that
θ1 ∼ (kη)θ0 and hence subdominant. In the early universe, we can eliminate all
coefficients multiplied by k. Also notice that τ ′ diverges at early time because the
universe becomes denser and the number of interactions increase. Therefore coeffi-
cients multiplying τ ′ at early time should be zero, such as 3θ1 + vb. Finally, we can
show that for neutrinos and photons, we have θl ∼ (kη)θl−1. We get
θ′0 = ψ
′, (81)
N ′0 = ψ′, (82)
δ′ = δ′b = 3ψ
′, (83)
3θ1 + vb = 0, (84)
3θl = 0, l ≥ 2, (85)
3θ′1 − kθ0 − kφ = 0, (86)
3N ′1 − kN0 − kφ = 0, (87)
(2l + 1)N ′l − klNl−1 = 0, l ≥ 2. (88)
For the Eq. (2l + 1)N ′l − klNl−1 = 0 (l ≥ 2), we can consider at lowest order
Nl = cl(kη)l, from which we find cl = cl−1/(2l + 1). Therefore the initial condition
on N1 provides condition for all other Nl (l ≥ 2), which can be obtained by taking
derivatives of Eqs. (86,87), we get θ′′1 = N ′′1 = k(ψ′ + φ′)/3. From which we obtain
θ1 = N1 +q where q is a function of k and at most a linear function of η. It is known
as the neutrino velocity isocurvature mode or relative neutrino heat flux that we
will consider to be zero. Equations governing velocities are subdominant and should
go as kη: from Eqs. (74) and (76), we find
v = vb = −kη
2
φ, (89)
where we have used that H = 1/η during radiation era. Finally considering the
gravitational equations and neglecting baryons and cold dark matter for initial
conditions
3H(ψ′ +Hφ) = −16piGa2(ργθ0 + ρνN0), (90)
k2(φ− ψ) = −32piGa2ρνN2. (91)
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As we have seen previously, N2 can be obtained from N1 which can be obtained
from previous initial conditions (82,87). Let us here for simplicity consider N2 = 0,
which gives φ = ψ and differentiating Eq. (90), we get
ψ′′ + (5H+ H
′
H )ψ
′ + 2(H2 +H′)ψ = 0, (92)
where we have used the Friedmann equation 3H2 = 8piGa2(ργ + ρν). During the
radiation era (H = 1/η), we have ψ′′ + 4ψ′/η = 0 for which the solution reads as
ψ = a/η3 + b. That corresponds to a fast decaying mode and a constant mode. This
last mode will define our initial condition. Going back to Eq. (90) with ψ constant,
we get (using again Friedmann equation)
ψ = − 2
ργ + ρν
(ργθ0 + ρνN0). (93)
It is usually assumed that θ0 = N0 and therefore
θ0 = N0 = −ψ
2
. (94)
Finally, we can integrate Eq. (83) to obtain δ = δb = 3ψ. That ends our set of
initial conditions. Notice that we have never considered constants of integrations,
the so-called adiabatic perturbations. If these constants are nonzero, they are called
isocurvature perturbations. We summarize here the initial conditions for adiabatic
perturbations
θ0 = −ψ
2
, (95)
θ1 = v = vb = −kη
2
ψ, (96)
θl = Nl = 0, l ≥ 2 , (we have neglected N2), (97)
δ = δb = 3ψ, (98)
φ = ψ. (99)
The initial condition for ψ acts as a normalization, and can be chosen to be ψ = 1.
Integrating Eqs. (67)-(78) with the previous initial conditions, we can get ψ(η, k) ≡
ψ(a, k). The numerical solution is traditionally written as
ψ(a, k) =
9
10
ψ(ai, k)T (k)
D1(a)
a
, (100)
where ψ(ai, k) is the initial condition and can be normalized to ψ(ai, k) = 1, D1(a)
is called the growth factor and is calculated at late time as D1(a)/a = ψ(a)/ψ(alate).
In a flat universe without cosmological constant, we get at late time D1(a) = a. In
summary, from the resolution of the previous equations, we can obtain ψ(a, k) or
conversely T (k).
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3.7. Linear power spectrum
In the first section, we have shown how to calculate the primordial power spectrum
generated during inflation, from which we can now obtain the power spectrum of
matter distribution at any time. We can deduce from Eq. (77) at late time
δ = − k
2
4piGa2ρdm
ψ = − 2ak
2
3H20 Ωm,0
ψ = − 3k
2
5H20 Ωm,0
ψ(ai, k)T (k)D1(a), (101)
from which we can obtain the power spectrum for δ:
P (a, k) =
9k4
25H40 Ω
2
m,0
T (k)2D1(a)
2Pψ(k) (102)
and as we have seen in the first section (Eq. (13) during radiation era) ψ(ai, k) =
2R/3, we get
P (a, k) =
4k4
25H40 Ω
2
m,0
T (k)2D1(a)
2PR(k), (103)
but because PR(k) = 2pi2As(k/k∗)ns−1/k3, we have finally
P (a, k) =
8pi2k
25H40 Ω
2
m,0
As
( k
k∗
)ns−1
T (k)2D1(a)
2. (104)
As promised, the goal of this section is achieved: we have been able to relate the
initial inflation power spectrum (parametrized by ns and As) to a linear power
spectrum for the dark matter density contrast δ. We will now see how to keep
evolving the dark matter perturbation under the evolution of non-linear physics
which occurs at small scales and later time.
4. Non-linear corrections to the power spectrum
While for CMB physics, the linear approximation is well-suited, structure formation
is by essence a non-linear problem. No analytic solutions exist to Eqs. (31) and (33)
as soon as the non-linearities are turned on. However a great deal of innovative
approaches and advanced techniques often imported from Quantum Field Theory,
statistical physics or high energy physics were put foreward.4 We can mention in par-
ticular, Lagrangian perturbation theory,17–22 renormalized perturbation theory,23
regularized perturbation theory (RegPT),24,25 the path integral formalism,26,27 the
renormalization group flow,28,29 coarse grained perturbation theory,30–32 effective
field theory33,34 and kinetic field theory.36 For the purpose of this review, we will
first stick to the basics: Standard Perturbation Theory (SPT) which is known to
have a limited range of application, i.e. until k ' 0.1h Mpc−1. In section 7, we will
show one research line to better model the small scales: the effective field theory
approach.
As we have seen with Eq. (23), we can obtain different equations by taking
moments of it. In this section, we are interested to study non-linearities and not rel-
ativistic corrections. In that sense, considering Newtonian physics in an expanding
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universe is a good approximation. Therefore, we will consider few approximations
such as ψ˙ = 0. Contrary to previous section, we will keep second order terms in the
moment equations. We have for the zero moment
n˙+
1
a
∂i(nv
i) + 3nH = 0, (105)
which is exactly Eq. (27) where we neglected ψ˙. Turning now to the first moment
and defining ∫
d3p
(2pi)3
p2
E2
pˆipˆjf = n(vivj + σij), (106)
where σij is the stress tensor that we neglect, we find the non-linear first moment
equation by keeping second order terms
∂t(nv
i) +
1
a
∂j(nv
ivj) + 4nHvi +
n
a
∂iφ = 0. (107)
Using these 2 moments equations, we find
v˙i +Hvi +
1
a
vj∂jv
i +
1
a
∂iφ = 0. (108)
To close the system we need to have an equation for the gravitational potential,
which from Eq. (9) in the non-relativistic limit gives the Poisson equation
∆φ = 4piGa2δρ. (109)
Defining as previously, n = n¯(1 + δ) with ˙¯n+ 3Hn¯ = 0 and δ = δρ/ρ, we have
δ˙ +
1
a
∂i
[
(1 + δ)vi
]
= 0, (110)
v˙i +Hvi +
1
a
vj∂jv
i +
1
a
∂iφ = 0, (111)
∆φ = 4piGa2ρδ. (112)
Defining the velocity divergencec θ(t,x) ≡ ∂ivi(t,x)/a(t) and working in Fourier
space, we have from the previous equations:
∂δ(t,k)
∂t
+ θ(t,k) = −
∫
k1,k2
α(k1,k2)θ(t,k1)δ(t,k2), (113)
∂θ(t,k)
∂t
+ 2Hθ(t,k) +
3
2
H2δ(t,k) = −
∫
k1,k2
β(k1,k2)θ(t,k1)θ(t,k2), (114)
where the non-linear mode coupling kernels are α(k1,k2) = (k12 · k1)/k21,
β(k1,k2) = k
2
12(k1 · k2)/2k21k22, k12 = k1 + k2.
Using Eq. (113) and Eq. (114), one can get a second order differential equation
for δ(t,k):
∂2δ(t,k)
∂t2
+ 2H
∂δ(t,k)
∂t
− 3
2
H2δ(t,k) = S. (115)
cNotice that from this section, we will use the notation where θ defines the velocity divergence
while in the previous sections it was reserved for temperature perturbations.
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S stands for the sources of non-linearities. It reads:
S =
∫
k1,k2
(2pi)3δ(k−k12)
[
β(k1,k2)θ(t,k1)θ(t,k2)− ∂t
a2
(
a2α(k1,k2)θ(t,k1)δ(t,k2)
)]
.
(116)
Defining an initial time t∗, the homogeneous equation can be solved using the stan-
dard Green formalism:
δ(t,k) = c+(k)D+(t) + c−(k)D−(t) +
∫ t
t∗
D+(t
′)D−(t)−D+(t)D−(t′)
W (t′)
S(t′,k).
(117)
c+(k) and c−(k) are determined by the initial conditions. Note that in the rel-
ativistic case discussed in section 5, determining these initial condition order by
order is a non-trivial step. D+(t) and D−(t) are the growing and the decay-
ing mode solutions to equation (115) respectively. The Wronskian is defined as
W (t) ≡ D+(t)D˙−(t)− D˙+(t)D−(t) and for the case of matter domination Ωm = 1,
we have D+(t) ≡ D(t) = a(t) ∝ t2/3 and D−(t) = a−3/2(t). The case of dark en-
ergy (Ωm < 1) just requires another expression for D+/−(t): a change in the time
dependence is often enough to account for it as the small scale non-linear behavior
does not in principle change much when dark energy is present on large scale. We
will discuss that in more detail in section 6.
Finding a particular solution to Eq. (115) is the moment when an approximation
has to be made, for this review, we will describe in details SPT: it consists in assum-
ing that the density contrast δ(t,k) and the velocity field θ(t,k) can be expanded
in powers of the linear density contrast δL(t,k). In other words, the total density
contrast can be expanded around their linear solution; the variance of the linear
fluctuations is treated as a small parameter (and no vorticity is generated)
δ(t,k) =
∞∑
n=1
Dn(t)
∫
k1...kn
Fn(k1, . . . ,kn)δL(k1) . . . δL(kn), (118)
θ(t,k) = −H(t)
∞∑
n=1
Dn(t)
∫
k1...kn
Gn(k1, . . . ,kn)δL(k1) . . . δL(kn). (119)
All the information about the non-linear behavior of the theory is encoded in the
kernels Fn and Gn. In some mildly non-linear range, this approximation should hold
as the linear approximation holds in the early universe. However, it cannot hold for
the full non-linear behavior where numerical N-body simulations have to be relied
on.
Plugging the Anza¨tze (118)-(119), into the left hand side of Eqs. (113) and (114)
and working at a given order in δL allows to obtain explicit (recursive) expressions
for Fn and Gn. A good exercise is to show that F2(k1,k2) =
5
7α(k1,k2)+
2
7β(k1,k2).
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By doing the same manipulation, at order n, a general recursive expression reads:5
Fn(q1, . . . ,qn) =
n−1∑
m=1
Gm(q1, . . . ,qm)
(2n+ 3)(n− 1)
[
(2n+ 1)α(k1,k2)Fn−m(qm+1, . . . ,qn)
+2β(k1,k2)Gn−m(qm+1, . . . ,qn)
]
, (120)
Gn(q1, . . . ,qn) =
n−1∑
m=1
Gm(q1, . . . ,qm)
(2n+ 3)(n− 1)
[
3α(k1,k2)Fn−m(qm+1, . . . ,qn)
+2nβ(k1,k2)Gn−m(qm+1, . . . ,qn)
]
. (121)
By definition of the linear regime: F1 = G1 = 1. Such expression allows to compute
kernels in principle at any order using for instance Mathematica.38 Some properties
of the symmetrisedd kernels Fn and Gn that are worth highlighting here are:
5
• Momentum conservation implies that for k = q1 + · · · + qn approaching
zero, regarding less of the values of the individuals qi, F
(s)
n ∝ k2.
• For p qi, F (s)n (q1, ..,qn−2,p,−p) ∝ k2/p2, and similarly for G(s)n .
• If one of the argument qi of F (s)n or G(s)n goes to zero, there is an infrared
divergence of the form qiq2 .
From these non-linear kernels, it is possible to construct correlation functions that
describe the non-linear regime of dark matter perturbation, as defined in Eqs. (3)-
(4).
4.1. Power spectrum
For the power spectrum, we can define the linear power spectrum as PL(k1) ≡
〈δL(k1)δL(k2)〉. The first non-linear correction comes at one-loop, meaning calcu-
lating up to n = 3. In that case, one writes:
P1-loop(t,k) = D
4(t) [P13(k) + P22(k)] , (122)
where two different contributions are differentiated, using Eqs. (3) and (118), they
read:
P13(k) = 6PL(k)
∫
q
PL(q)F3(q,−q,k) , (123)
P22(k) = 2
∫
q
F 22 (q,k − q)PL(q)PL(|k − q|) , (124)
The denomination one-loop comes from the fact that there is a loop integral with
respect to the momentum q.
dThe kernels F
(s)
n are symmetric with respect to the input variables.
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Various techniques exist to compute the integrals (123) and (124). See for instance,
the FFT (Fast Fourier Transform) proposal in Ref. 37. Here we will present the result
of a direct numerical integration using Mathematica38 in Fig. 1.
PL
P1-Loop
P13
P22
10-3 10-2 0.1 1
10-3
0.1
10
1000
105
k [h Mpc-1]
|P(k)
|
Fig. 1. Tree level and one-loop power spectrum. All quantities are at redshift z = 0. Dashed lines
represent a negative power spectrum. Those results agree also for instance with Ref. 37.
At k ∼ 0.1h Mpc−1 the non-linear corrections are of the same order than the
linear ones and the approximation of one-loop SPT does not hold any more. In
principle calculating more non-linear terms allow to further investigate the non-
linear regime, but it was very early realized than brute force calculating more and
more loop corrections is not a good strategy in the sense that the variance of δL is
not small in the non-linear regime and the perturbation theory poorly converges.
We will present here the equations at two-loop (n = 5): using equations (3) and
(118), the different 2-loop contributions are given by
P2−loop(t,k) = D6(t)
[
P15(k) + P24(k) + P
I
33(k) + P
II
33 (k)
]
. (125)
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With the different terms being:
P15(k) = 30PL(k)
∫
q
∫
p
F5(k,q,−q,p,−p)PL(q)PL(p), (126)
P24(k) = 24
∫
q
∫
p
F2(q,k− q)F4(p,−p,−q,q− k)PL(q)PL(p)PL(|k− q|), (127)
P I33(k) = 9PL(k)
∫
q
F3(k,q,−q)PL(q)
∫
p
F3(−k,p,−p)PL(p), (128)
P II33 (k) = 6
∫
q
∫
p
F3(q,p,k− q− p)F3(−q,−p,q + p− k)PL(q)PL(p)PL(|k− q− p|).
(129)
Those equations can be brute force integrated to obtain more precise estimations
of the non-linear regime. While at one-loop, the choice of an infrared cutoff does
not change much the final result, at 2-loops, it is neater to use the so-called IR-safe
integrand to enjoy the IR-cancellation which occurs between the 4 contributions
Eqs. (126)-(129), see Ref. 39 where the integrals are explicitly calculated. As men-
tioned before, it is also possible to include some non-perturbative IR effects of the
non-linear regime (resummation techniques).19,24,32,40 Current calculations involve
the 3-loops power spectrum, we present a result in figure 2.
 0.01
 0.1
 1
 10
 100
 0.001  0.01  0.1  1  10
P(
k,z
=0
) [(
h/M
pc
)-3
]
k [h/Mpc]
Plin
1-loop
2-loop
3-loop kref=k
3-loop log measure
Fig. 2. 1, 2 and 3-loop contributions to the power spectrum obtained from a numerical Monte
Carlo integration within SPT at z = 0. Figure from Ref. 42. Observe in particular that the 3 loop
is larger than the 2 loop signalling again the poor definition of SPT in the non-linear regime.
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4.2. Bispectrum
Most of observational surveys focus mainly on the power spectrum which is easier to
measure, in particular in regard to the errors estimation (calculating a covariance
matrix for a bispectrum is a difficult task). However, the non-linear bispectrum
contains much more modes and information and will in principle break many de-
generacies and allows to study primordial non-gaussianities.7 To that regards, the
squeezed limit is of particular interest as we will also discuss in section 5.
The first non-zero contribution to the bispectrum comes at second order (n = 2)
in perturbation theory is:
B211(k1, k2, k3, t) = D
4(t) [F2(k1,k2)PL(k1)PL(k2) + 2 cyclic permutations] .
(130)
Then the 1-loop bispectrum is composed of 4 terms:
B1-loop(k1, k2, k3, t) = D
6(t)
[
B222(k1, k2, k3) +B
I
321(k1, k2, k3)
+BII321(k1, k2, k3) +B411(k1, k2, k3)
]
, (131)
using equations (4) and (118), they read
B222(k1, k2, k3) = 8
∫
q
F2(q,k1 − q)F2(k1 − q,k2 + q)F2(k2 + q,−q)
× PL(q)PL(|k1 − q|)PL(|k2 + q|), (132)
BI321(k1, k2, k3) = 6PL(k1)
∫
q
F3(q,k2 − q,k1)F2(q,k2 − q)PL(q)PL(|k2 − q|)
+ 5 permutations, (133)
BII321(k1, k2, k3) = F2(k1,k2)PL(k1)P13(k2) + 5 permutations, (134)
B411(k1, k2, k3) = 12PL(k1)PL(k2)
∫
q
F4(q,−q,−k1,−k2)PL(q)
+ 2 cyclic permutations. (135)
We present the results of a brute force integration using the Cuba library.43 Current
calculations involve the bispectrum at 3-loops.44
5. Relativistic corrections
So far, non-linear gravitational interactions were described by Poisson equation
(Eq. 109) in its Newtonian limit. Several research groups included some relativis-
tic effects in their large scale structure calculations. They can be divided into
three sorts: (i) relativistic corrections to the dynamics of dark matter perturba-
tions (ii) relativistic corrections to a bias expansion relating the dark matter field
to the galaxy field46–56 (iii) relativistic correction to the propagation of photons in
a clumpy spacetime46,47,51,57–66 (sometimes refereed to as Redshift Space Distor-
tion). In this review, we will report of the first point: relativistic corrections to the
dark matter dynamics. A relativistic framework is important to investigate degrees
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Fig. 3. Tree level and one-loop bispectrum in the equilateral configuration (all three momentum
equal). All quantities are at redshift z = 0. Dashed lines represent a negative bispectrum. Our
results also agree with Ref. 45.
of freedom which are ignored in standard cosmology. For instance neutrinos are
relativistic by definition.67 The idea behind the modified gravity proposal for LSS
is to investigate the most general modification of GR. Such modifications turn on
extra degrees of freedom which have to be worked out in a relativistic framework.68
The case for backreaction69 also requires a relativistic framework, as some back-
reaction terms are total derivatives in the Newtonian framework. For the case of
the bispectrum which couples scales, relativistic correction are also found to be of
the same order than the Newtonian results at one loop.70 . Some groups chose to
implement a relativistic N-body simulation.71–79 The algorithms have been refined
for decades and provide state of the art predictions for the non-linear regime reach-
ing an impressive agreement with observations. Conversely, it is also important to
consider analytic results which are complementary to simulations in several senses.
First conceptually, one should never forget that a computer to some extend never
explains the properties of the structure but only reproduces them with amazing
details. The hope with analytic models is to be able to do fundamental physics by
tracing back the features in the large scale structures from their fundamental origin.
Second, analytic results are also flexible when one wants to change the assumptions
of a given model, in particular when it comes to scan the parameter space of a given
cosmological model. A numerical simulation being computationally expensive, run-
ning it on a high dimensional parameter space is often impossible, computationally
speaking. Third, on very large scale, analytic results can often be derived while it
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is the range which is the harder to access as simulations are built with small scales
(gravitational) interactions. In this sense analytic results are complementary to sim-
ulation. Fourth shot noise is unavoidable in simulations, as there is a finite number
of particles in a given volume. Analytic results, in particular, for higher order corre-
lation function, could help calculating such quantities without the uncertainty due
to shot noise and the finite sample one can obtain from simulations.
As soon as we study non-linear relativistic effects, the scalar, vector and tensor
perturbations couple to each other, which implies that they have to be considered
together. The line element of a perturbed FLRW universe can be written:
ds2 = −(1 + 2φ)dt2 + 2ωidxidt+ a(t)2 [(1− 2ψ)δij + hij ] dxidxj , (136)
In table 1, we collected some popular gauge choices where uµ is the 4-velocity of
the dark matter fluid.
Gauge choice Gauge conditions Comments References
Poisson or
Newtonian or
longitudinal
δij∂jωi = 0
δijhij = 0
δjk∂khij = 0
Gauge chosen for the
N-body simulations
gevolution.76 Physical
interpretation is
straightforward.
4,46,49,50,
52,55,58–60,
62,65,67,68,
70,72,73
Comoving δijhij = 0
δjk∂khij = 0
u0 = 1
Easy connection with
observations as time is
defined by a comoving
observer.
52,70,80
Synchronous
and comoving
φ = 0
ωi = 0
Lagrangian picture
and
easy connection with
observations.
4,46,48,49,
51–53,56,60,
74,75
GR effects to third order (n=3) in perturbation theory in the comoving gauge
have been calculated in Ref. 80. They find agreement between GR and Newto-
nian physics to second order. Their result is summed up in figure 4. Using another
approach, Ref. 81 calculated also relativistic corrections to the dynamics using a
two-parameter expansion and identifying gauge invariant variables.
Finally, the bispectrum at one-loop in a relativistic framework has been com-
puted in Ref. 70, see figure 5. It was found that at one-loop the relativistic correc-
tions are of the same order than the Newtonian results and of the same order than
a primordial non-Gaussian signal with fNL = 1. Claims that relativistic corrections
matter for future (close to the horizon) surveys have to be carefully examined and
then could be routinely implemented in the data analysis.
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Fig. 4. Relativistic corrections in the comoving gauge, as adopted in Ref. 80. The notation are:
P11 ≡ PL, PN ≡ PL + P1-loop, PE ≡ the sum of all relativistic corrections and of Newtonian
results, PES , PEV , PET ≡ three different types of relativistic corrections corresponding to a
Scalar Vector Tensor decomposition. The relativistic corrections to the matter power spectrum
are 4 orders of magnitude smaller than the Newtonian result. Dashed line represent a negative
power spectrum. The legend claiming to be the velocity power spectrum on the left seems to be a
typo and it is the matter power spectrum.
6. Dark energy and modified gravity
Even if the ΛCDM model is an extremely accurate description of the universe, the
community has always searched for alternative theories. The motivations are di-
verse.84 Some are constructed as a duplicate of inflationary models to dark energy
models. We can consider in this category scalar field theories such as the inflaton
which became quintessence or their generalized forms the so-called K-inflation82 into
K-essence.83 The community has always been motivated to enlarge the space of mod-
els, by considering the most general model which respect some stability conditions,
or some symmetries. We could name this area as a principle of no-discrimination.
One includes all terms consistent with some pre-defined rules without neglecting
any possible operator. These models are usually phenomenological. On the other
hand, other theories are motivated by the existence of extra dimensions. These di-
mensions generate additional fields once studied in 4 dimensions. The Kaluza-Klein
type of model gives rise to dilaton and brane models to galileon. They are often
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Fig. 5. Relativistic correction to the bispectrum in the configuration B(k1, k1, k) where k1 =
0.1 h Mpc−1 < k. Dashed lines represent a negative bispectrum.
generalized and therefore become part of the first group. Finally, let us mention,
maybe, a more fundamental reason. We know that the theory of general relativity
is non-linear and not UV completed. Could we imagine that higher order operators
in a renormalizable theory of gravity leak to the IR, and produce effects measur-
able at large scales? In fact, such example exists, the cosmological constant. It is
generated by UV physics but it controls the expansion of the Universe, which is
definitely an IR phenomenon. But no matter the motivation, most of these models
beyond GR are in some extent phenomenological and attempt principally to see if
new observables distinct to the ΛCDM model are possible. In few words, can we
falsify GR from cosmological observations?
In this direction, two types of models have been studied. In the first case, one
changes the background expansion of the universe by adding an additional fluid,
the so-called dark energy models. In the second category, a modification of gravity
is considered which translates into a modified Poisson equation and the appearance
of an effective Newtonian constant which in the most general case is time and space
dependent. This second category offers a very rich phenomenology. The additional
fields modify the Poisson equation because of an additional force, dubbed fifth force,
giving rise to an effective gravitational constant. The fifth force becomes negligible in
some regime and we recover the Newtonian constant and therefore general relativity.
The fifth force is screened. We can consider in this category chameleon field,85,86
which is screened in dense environment, Vainshtein mechanism88 which screens the
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extra force at small scales and finally symmetron87 where the field is screened also
when the density of matter is small enough but because of a spontaneous symmetry
breaking and a modification of the vacuum expectation value of the field.
Dark energy models and modify gravity are intrinsically not different and could
be connected easily. In fact, quintessence field that is one of the most popular
dark energy models, and motivated by various high energy theories, could in the
absence of symmetries, couple to matter and therefore generate a scalar-tensor
theory, namely a modification of gravity.
But of course, on the road to modify gravity, one should never forget the Wein-
berg’s theorem which claims that at low energy, a Lorentz invariant theory of mass-
less spin-2 particle must be general relativity. Therefore, any modification should
either add new degrees of freedom (e.g. scalar) make the graviton massive (which
via Stueckelberg mechanism also contains scalar field) or violate Lorentz invariance
(such as ghost condensate).
Considering these extended theories of gravity, one can also calculate the linear
and non-linear evolution of dark matter perturbation. The scheme is very similar to
section 4, except that Eq. (109) is replaced by a modified Poisson equation which
gives instead of Eq. (115)
∂2δ(t,k)
∂t2
+ 2H
∂δ(t,k)
∂t
− 3
2
Geff(t,k)
GN
H2δ(t,k) = S. (137)
where Geff and GN are respectively the effective and Newtonian gravitational con-
stants. It would be impossible to do an exhaustive list of the models and their phe-
nomenology which are built on either a modification of the second term of eq.(137),
the dark energy models or a modification of the Newtonian constant. An equation
of state for dark energy w = P/ρ < −1 would oppose to structure formation com-
pared to the ΛCDM while w > −1 would increase δ. Also the effective gravitational
constant would produce in modified gravity models the same phenomenology as
dark energy but with an additional effect associated to scale dependence of Geff. All
scales would not structure similarly. Finally, at smaller scales or low density clus-
ters compared to high density regions, the previously mentioned mechanisms such
as Vainshtein or chameleon respectively, can generate a rich phenomenology. These
models are described by additional degrees of freedom which are suppressed in some
regimes. Mentioning few possible signatures of these models, we have a modification
of the void lensing signal because of the presence of an additional force. Also even if
it is simpler to say than to use, we can imagine to compare mass of clusters by using
lensing or velocity field. In fact, lensing permits to estimate the mass of a cluster
but also considering the velocity dispersion of matter falling towards the cluster,
one can infer the mass. Some modified gravity models such as scalar tensor theories
do not change lensing but modify the velocity dispersion by the modification of the
Newtonian gravitational constant. Therefore a mismatch between these two obser-
vations could be detected. We can also mention that small galaxies for which the
fifth force is not suppressed should move faster than large galaxies for which the
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fifth force is suppressed. The same reasons should for example produce that small
galaxies stream out of voids faster than large galaxies. See e.g. Refs. (89–91) for
more details on possible observables.
All these new observables should be carefully calculated in the non-linear regime
before testing them to observations. Even if some approximations are motivated in
the standard model, they might break in modified gravity. For example, the quasi-
static approximation which is wildly used, is known to be incorrect in some models.92
In that direction, we should cite a recent paper, considering cosmological non-linear
relativistic simulation within modified gravity.93
7. Small scales effects: EFT of LSS
As it was mentioned in section 4, SPT have various limitations, in the sense that
it breaks down for small scales kNL ∼ 0.1h/Mpc−1, where the universe becomes
non-linear. There are basically three reasons for which SPT is no longer valid at
small scales. One of them is that the density contrast becomes larger than unity and
therefore is not a well defined expansion parameter anymore. Second, for generic
initial conditions loop integrals diverge in the ultraviolet (UV) regime, k ≥ kNL.
Therefore, in order to compute the loop integrals it is necessary to use an arbitrary
cutoff which makes the physical predictions to be cutoff dependent. Third, at small
scales, the universe does not behave as a fluid due to shell crossing.33
The effective field theory of large scale structure (EFTofLSS) proposed in
Refs. 33–35 solves these three issues by integrating out the small scales and writing
the most general effective stress-energy tensor which is consistent with the symme-
tries of the FLRW background, as an expansion in the relevant degrees of freedom.
The ignorance about the small scales is parametrized in coefficients which charac-
terize the effective fluid. Examples include a non-trivial state equation, the speed
of sound and viscosity, they can be measured in simulations or directly from obser-
vations.
After integrating out the small scales by doing a smoothing process on the fluid
equations on a length scalee Λ−1, it is possible to obtain an effective long wavelength
theory, valid for mildly nonlinear scales k < kNL. The relevant degrees of freedom
are the long-wavelength density contrast δl and the velocity divergence θl = ∂iv
i
l .
In position space, (113) and (114): the continuity and Euler equations read:
∂δl(t,x)
∂t
+ ∂i
[
(1 + δl(t,x))v
i
l(t,x)
]
= 0 , (138)
∂θl(t,x)
∂t
+ 2Hθl(t,x) +
3
2
H2δl(t,x) = − 1
aρ¯l
∂i∂j
[
τ ij
]
Λ
, (139)
where ρ¯l is the long wavelength background density and
[
τ ij
]
Λ
is the effective stress-
energy tensor obtained from the smoothing. This tensor comes from the non-linear
eAn alternative approach to the smoothing process, using path integrals can be found in Ref. 94.
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terms in the Euler equation that involves both short and long modes, hence the
effective tensor is sourced by short wavelength modes.
As δ is a stochastic field, observable quantities are obtained by computing corre-
lation functions. They involve correlations between the effective stress-energy tensor
and long modes δl, vl, that are basically couplings between the long and short modes.
But, since it is not possible to know the dynamics of the short mode, the expression
for
[
τ ij
]
Λ
obtained from the smoothing is not very useful to compute correlations.
However, long wavelength fluctuations affects the expectation value of the short
modes through tidal effects, then the expectation value of the stress-energy tensor
will only depend on long modes. Therefore by imposing rotational symmetry the
stress energy tensor is written as an expansion in the long wavelength modes, as
follow35
τ ij = ρ¯l
[
c2sδ
ij
(
γ−1 + δl
)− c2bv
Ha
δijθl − 3
4
c2sv
Ha
(
∂jvil + ∂
ivjl −
2
3
δijθl
)]
+ ∆τ ij + · · ·
(140)
γ is the specific heat of an ordinary fluid which is used to parameterize the
background pressure, cs is the speed of sound, cbv and csv are the bulk and shear
viscosity respectively, ∆τ ij is a stochastic termf that comes from the fluctuations of
the short modes, and the ellipses means higher orders terms in δl or its derivatives.
The effect of the small scales on the long scales is to induce an effective stress energy
tensor with pressure and viscosity.
As {δl, θl, φl}  1, SPT is used in order to compute correlation functionsg.
Then, including the effective fluid terms, equation (122) get generalized to:
P1-loop(t,k) = D
4(t)
[
P22(k) + P13(k) + Pc2comb(k) + PJ(k)
]
. (141)
P22 and P13 can have UV and IR divergences depending of the initial power spec-
trum PL(k). Then, if PL(k) ∝ kn, P13(k) will be UV divergent for n ≥ −1 and IR
divergent for n ≤ −1, while P22(k) will be UV divergent for n ≥ 1/2 and IR diver-
gent for n ≤ −1. Hence, P1-loop(t,k) is UV divergent for n ≥ −1 and IR divergent
for n ≤ −3.34
The UV divergences of the one-loop power spectrum for a universe dominated
by dark matter are obtained by expanding P22(k) and P13(k) for large q,
P22(k)q→∞ =
9
196pi2
k4
∫ Λ
dq
PL(q)
2
q2
, (142)
P13(k)q→∞ = − 61
630pi2
k2PL(k)
∫ Λ
dqPL(q). (143)
We can see that the integrals are regularized with a hard cutoff Λ, this is quite
natural since the EFTofLSS was obtained by smoothing the variables over scales of
fNotice that ∆ doesn’t refer to Laplacian
gCorrelation functions are computed in an expansion in k
kNL
.
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order Λ. This makes the result cutoff dependent, but in this case with the addition
of the new terms from τij , the final result is cutoff independent. We will see that
new terms have the precise k dependence to cancel the UV divergences.
The contributions from the new terms in the Euler equation are given by
Pc2comb(k) = 〈δc2comb(k)δ
(1)(q)〉 = −c
2
comb
9H20
k2PL(k)δD(k + q), (144)
where c2comb = c
2
s + c
2
bv + c
2
sv, and by
PJ(k) = 〈δ∆J (k)δ(1)(q)〉 ∝ k4PL(k)δD(k + q). (145)
The k dependence in PJ is because mass and momentum conservation imply that on
large scales the corrections to the density power spectrum from these terms scale
as k4 rather than k0. Then both Pc2comb(k) and PJ(k) have precisely the same k
dependence as P13(k) and P22(k) respectively. Therefore, any dependence of Λ can
be absorbed by counterterms with the form c2comb(Λ) or ∆
2
J(Λ) = ∂i∂j∆τ
ij(Λ).
In the case of the IR divergences no counterterms are needed since P22(k) and
P13(k) IR divergences vanish when considering the one-loop power spectrum, this
is a consequence of the equivalence principle:5 the IR divergences come from the
convective derivatives in the equations of motion, therefore changing the reference
frame changes the IR divergences, but since the correlation functions are invariant
under a change of reference frame the IR divergences must cancel.
The power spectrum up to two-loop has been also computed within the
EFTofLSS.39,40,95 The results of Ref. 95 show that no new counterterm is needed
beside the ones for the one-loop power spectrum at this order in k/kNL. But later
in Ref. 96 a more detailed analysis is made in order to compare with N-body sim-
ulation from the Dark Sky set and they find that at two-loops three counterterms
are needed, the linear term is the density contrast δl, a quadratic term δ
2
l and a
higher derivative term ∂2δl. The inclusion of the extra counterterms makes the pre-
dictions of the EFTofLSS UV-insensitive and match with numerical simulations up
to k ' 0.34 h Mpc−1 (see Fig. 6 ), with better accuracy than if only a counterterm
is added where the theory matches the data up to k ∼ 0.15 h Mpc−1.
The formalism of the EFTofLSS has been extended to: (i) the two-loop power
spectrum using Lagrangian perturbation theory,97 (ii) the bispectrum,45,98 (iii) the
dark matter momentum power spectrum,40 (iv) correlation functions between the
density contrast and velocity including the divergence and vorticity,95,99,100 (v) the
baryon power spectrum,95,101 (vi) the power spectrum in redshift space,102 (vii)
galaxy bias41,103,104 (viii) primordial non-Gaussianities,105 and (ix) galaxy lens-
ing.106
Very recently in Ref. 107 the power spectrum at three-loops has been computed,
improving the level of accuracy with respect to the two-loop results, up to k '
0.4 h Mpc−1 at redshift z = 0. They also conclude that EFTofLSS at three-loop
order provides the best approximation to the power spectrum in the weakly non-
linear regime at z = 0, and higher loops are not expected to improve the level of
accuracy.
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Fig. 6. The prediction of the EFTofLSS at linear, one-loop and two-loop. At one-loop, only one
counterterm, the speed of sound c2s, is used. At two-loops two additional counterterms, c1 and c4
are used. They represent a non-linear and a higher derivative speed of sound. Figure from Ref. 96.
Finally, in Ref. 108 the effects of dark energy and modified gravity on the dark
matter perturbations have been studied by adding to the EFTofLSS the effective
field theory of dark energy (EFTofDE)109 in the quasi-static regime h. Those re-
sults generalize the inclusion of dark energy presented in section 6 by including
consistently the counterterms in a framework with dark energy. As in Eq. (137),
fluid equations conserve their form, but the inclusion of dark energy modifies the
Poisson equation which is computed by solving the constraint equations of the grav-
itational action for Horndeski theories. Therefore, the Poisson equation is written in
terms of some time dependent functions that are related to the action coefficients.
Including these new functions of time in the Euler equation and the counterterms
for the EFTofLSS, the power spectrum up to one-loop is computed and the effects
are showed in Fig. 7.
The effects caused by dark energy are parameterized in terms of the dimension-
less coefficients αB , αM , αT , αv1, αv2 and αv3 (see Eq. (39) in Ref. 108). The plot
shows that the non linear theory deviates from the linear theory by a few percent
around k ∼ 0.1 h Mpc−1 by the inclusion of the coefficient αB which enters most
strongly at linear level in the solution and has an relevant effect for a large change
of the linear power spectrum, while αV 1 and αV 2 enter at cubic and higher order
in the action hence they do not enter in the lineal solution, they only modify the
power spectrum at mildly nonlinear scales, the other coefficients are set to zero.
8. Alternative possibility: Inhomegeneous universes:
Cosmology is a very special field: we are actually living inside the object of study.
Any cosmological observation has to be interpreted within a cosmological model.
The FLRW model is the mainstream one...for good reasons: it gives a framework
hThe quasi-static approximation consists in neglecting the time evolution compared to space dy-
namics.
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Fig. 7. Effect of some of the modified gravity couplings on the one-loop matter power spectrum.
Ratio of the one loop power spectrum predicted from the modifications of gravity and that for
ΛCDM for different values of the three modified parameters αB , αV 1 and αV 2 including also the
EFTofLSS counterterms. Figure from 108.
to interpret all the flow of observational data collected so far in our current pre-
cision era of cosmology. However, keeping that in mind, we would like to discuss
some humble works to reinterpret the observations out of the current cosmological
main paradigm. Motivation may range from simply exploring the phenomenology of
alternative physics, replacing the handmade addition of DE and DM fluids having
unknown microscopical nature, exploring some tensions in the different data sets
such as the Hubble tensioni.110 As examples of alternative dark matter candidates,
we cite the possibility of Dirac-Milne universe111,112 or warm dark matter.113,114
Now, in this section, partially adapted from chapter 6 of Ref. 115, we will focus on
one class of model: inhomogeneous cosmologies.
Some groups, puzzled by the ad-hoc introduction of dark energy, tried to in-
vestigate if the relaxation of the hypothesis of spatial homogeneity could offer a
decent alternative to dark energy.116,117 Soon, it was realized that allowing for
inhomogeneous spacetimes permits to fit the observed acceleration of the expan-
sion locally.118,119 Mathematically, the freedom that one has by introducing, say,
a radial matter distribution (for a spherically symmetric universe) allows to fit
any observable of the local universe such as supernovae or BAO (Baryon Acoustic
Oscillations). Nonetheless, a sort of consensus has now been reached that CMB
observations rule out the possibility of introducing an inhomogeneous cosmological
model to explain the accelerated expansion of the universe. Indeed, in a radially
inhomegeneous universe, to explain CMB observations, one needs to be placed very
nearby the center of the universe which requires a huge amount of fine-tuning and
disagrees with inflation.120 A popular choice of inhomogeneous cosmological model
iThe discrepancy between the value of the Hubble constant measured with CMB and its value
measured by the cosmic ladder.
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is the Lemaˆıtre-Tolman-Bondi (LTB) metric which supposes radial inhomeneities.
As FLRW, it should be understood as an approximation of the reality. Further
inhomogeneous models dropping the assumption of rotational symmetry were also
developed and will not be further mentioned in this review: Szekeres model,121 Swiss
cheese model,122 meatball model.123 We will now develop a bit on the recent works
involving the LTB model.
Some groups developed a fractal model within LTB metric as a way to explain the
acceleration of the expansion of the universe.124–126 The idea behind a self-similar
pattern is to constrain the two free functions of the LTB model to a 2-parameters
models that can be fitted on an equal footing with the standard ΛCDM model. For
supernovae data, the results provide a decent alternative to the standard ΛCDM
model. But again, these models requires some fine tuning or a transition to FLRW
on larger scales as CMB observations point toward homogeneity.
A promising use of the LTB metric is in the context of modelling a light lo-
cal void, but we would be situated roughly in the center of an underdense region
with respect to the background FLRW metric. While for explaining the accelerated
expansion of the universe, a huge void is required, the resolution of the Hubble
tension110 only requires a slightly underdense region. Being on the center of such
a void may have observational consequences on CMB.127 Several claims accounting
for a local void were made128–130 see however Ref. 131 for an argument against.
9. Concluding remarks
This review gave an overall picture of the evolution of matter in the Universe from
its origin: inflation to the moment where the Universe become structured in the non-
linear regime. We presented the main equations and their physical interpretation
both in the linear and non-linear regime of structures formation. We then presented
some advanced topics specific to the non-linear regime of structure formation: the
impact of relativistic corrections, the presence of dark energy and of small scale
structures. We finally discussed an alternative view with inhomogeneous universe.
To obtain a complete picture of structures: from the big-bang to the telescope, we
would need to include a link from dark matter to baryonic matter. This is usually
done by introducing bias parameters. A remarkable and comprehensive review54
complements the references that we presented in (ii) of section 5. Finally, in cos-
mology, the main source of information comes from photons arriving to a telescope.
These photons, are emitted by baryonic matter but also travelled through a clumpy
universe, taking that effect into account is the last step to perform to obtain the
full picture of structures formations in the Universe. Specialized reviews132–134 can
also complement the references provided in (iii) of section 5.
A brand new front just opened recently namely the possibility to use gravita-
tional waves for cosmology. The forecast that not only photons but also gravitons
will be able to probe our universe at the largest scales delights the community. A
lot of work is ahead in this direction.
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